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Abstract 
Tomescu, I., Ordered h-hypertrees, Discrete Mathematics 105 (1992) 241-248. 
In this paper a special class of h-uniform hypergraphs, called p-ordered h-hypertrees relatively 
to a total order p on the vertex set is introduced. Seven other equivalent definitions of such 
hypertrees are proposed involving the notions of p-ordered path and p-ordered cycle. 
It is also proved that for a fixed order p the sets of edges of p-ordered h-hypertrees with the 
same vertex set is the set of bases of a graphic matroid and every h-hypertree can be 
recognized in polynomial time. 
1. Basic definitions and notation 
An h-uniform hypergraph H is a pair H = (X, E), where X is a set of vertices 
and E is a family of h-sets of X, i.e., E = (E,, . . . , E,) with lEil = h for all i and 
h 2 2. The sets Ei are called the edges of H. The order of the hypergraph H is 
[XI. For a hypergraph H the vertex set and edge set are denoted respectively by 
V(H) and E(H). The degree of a vertex x E X, denoted by d&), is the number 
of edges of H containing it. The family of all h-subsets of X is denoted by (z). 
The complete h-hypergraph of order 12, denoted by Kz, has E(Ki) = (x), where 
vertex set X contains n vertices. 
The combinatorial structure of h-hypertree was introduced in [l] as a natural 
tool for obtaining Bonferroni type inequalities as follows: An h-hypertree is an 
h-uniform hypergraph T = (X, E) such that for h = 2, T is a tree with vertex set 
X and for h 3 3, T is defined recursively by the following two rules: 
(i) If X = {x1, . . . , xh} then T has a unique edge {x,, . . . , xh}. 
(ii) If 1x12 h + 1 th en there exists a vertex xi E X such that if E,, . . . , E, 
denote all edges containing xi then El \ {x,}, _ . . , E, \ {xi} induce an (h - l)- 
hypertree with vertex set X\ {xi} and the remaining edges of T induce an 
h-hypertree with vertex set X \ {xi}. 
For h = 2 (ii) expresses a basic property of trees if we consider that every l-tree 
is a singleton and we ignore the condition that the (h - 1)-hypertree has vertex 
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set X\ {xi}: For any tree T there is at least one vertex x such that by deleting x 
and the unique edge incident to x the resulting graph is also a tree. 
If x = {Xi, . . . ) xh} then all vertices x1, . . . , xh are called terminal vertices of 
T; otherwise 1x1 2 h + 1 and any vertex xi E X having property (ii) will be called 
a terminal vertex of T. The following result was proved in [l]. 
Proposition 1. Every h-hypertree T of order n has (2 1:) edges and for any vertex 
x E V(T) dT(x) 2 (g 1:) holds. Moreover, dT(x) = (t 1:) if and only if x is a 
terminal vertex of T. 
It follows that every h-hypertree T = (X, E) is defined by a sequence 
El, (T2, Xih+,)p (T,, Xih+J, . . . 7 (Tn--h+~, Xi.) (1) 
where E, E (f), T2 is an (h - 1)-hypertree with vertex set El, T, is an (h - l)- 
hypertree with vertex set V(T,_,) U {Xi,+,_,} for any r = 3, . . . , n - h + 1. Vertices 
xi,+,, . * f ) xi” are pairwise distinct and do not belong to El and E(T) is composed 
from E, and the family of h-sets: 
({YU {Xi,,+,_,} 1 Y~E(Tr)l)~sr<n-tz+~ 
Let ~:x1<x2<** - <x, be a total order on X. A y-ordered h-hypertree T 
(relatively to the order p) is defined as follows. T = (X, E) is an h-uniform 
hypergraph such that for h = 2, T is a tree with vertex set X and for h 3 3, T 
satisfies the following two rules: 
(j) If [Xl= h then X = {x1, . . . , xh} and T has a unique edge {x1, . . . , xh}. 
(jj) If 1x1 = n 2 h + 1 then if El, . . . , E4 denote all edges containing x, then 
&\{-Q,. . . > E,\{x,} induce an ordered (h - 1)-hypertree with vertex set 
X\ {x,} relatively to the order x1 <x2 < * * * <x,-~ induced by p on X\ {x,} and 
the remaining edges of T induce an ordered h-hypertree with vertex set X \ {x,} 
relatively to the order induced by p on X\ {x,}. 
It is clear that every p-ordered h-hypertree T is an h-hypertree and every 
h-hypertree is a p-ordered h-hypertree for many total orders p on X. For every 
p-ordered h-hypertree T in sequence (1) one has El = {x1, . . . , xh} and xiS = x, 
for every s = h + 1, . . . , n. Hence T is defined by a sequence 
El, (G, xh+i)t (G, x/z+& . . . 7 (Tn--h+~t xn) (2) 
where T, is an ordered (h - 1)-hypertree relatively to the order induced by p on 
vertex set {x1, . . . , x~+~-~} for any r = 2, . . . , n - h + 1. 
Let H = (X, E) be an h-uniform hypergraph (h 3 3) and A c {x3, . . . , x,}, 
IAl = h - 2. A p-ordered path (cycle) of H relative to A is a set of edges 
El,..., E4 of H such that (a), (b) and (c) hold: 
(a) A c Ei for any 1 s i S q. 
(b) For every 1 s i G q if E,\A = {u;, vi} then Ui, vi are less than all elements 
of A relatively to p. 
Ordered h-hypertrees 243 
(c) EI\A, . . . , E,\A are the edges of a path (cycle) in a graph. The 
extremities of the path with edges E, \A, . . . , E,\A are called also the 
extremities of the p-ordered path relative to A. A ,u-ordered path (cycle) of H is 
a p-ordered path (cycle) of H relative to A for some A c {x,, . . . , x,}, 
(A( = h - 2. Let H be an h-uniform hypergraph. H is said to be p-connected if for 
every i<jSn-h+2 and for everyAc{x- ,+1,. . . 7 xn}, IAI=h-2, there is a 
p-ordered path relative to A with extremities x, and xj. H is said to be p-acyclic if 
H does not contain any FL-ordered cycle. 
2. Characterizations of ordered h-hypertrees 
Theorem 1. Let H be an h-hypergraph of order n (n Z= h 2 3) with vertex set 
X=(x1,..., x,} and u: x, <x2<. - ’ <x, be a total order on X. Then the 
following assertions are equivalent. 
(A) H is a u-ordered h-hypertree. 
(B) H is a minimal u-connected hypergraph. 
(C) H is a maximal u-acyclic hypergraph. 
(D) H is u-connected and has (z 1 i) edges. 
(E) H is u-acyclic and has (t 1:) edges. 
(F) H is a u-connected and u-acyclic hypergraph. 
(G) Foreveryi<j6n-h+2andforeveryAc{~~+~,...,x~}, (Al=h-2, 
there exists in H a unique u-ordered path relative to A having extremities xi and x,. 
(H) ForeveryAc{x,, . . . ,x,,}, (A(=h-21etxi=min,A (3ci<rz-h+3). 
If one considers all edges El, . . . , E, of H composed from A and two other 
vertices less than xi relatively to u, then E, \A, . . . , E, \A are the edges of a tree 
with vertex set {x1, . . . , xi_ ,} (hence q = i - 2). 
Proof. Denote by HI the (h - 1)-hypergraph with vertex set {xi, . . . , x,-,} and 
edge set E,\ {x,}, . . . , E,,\ {x,}, where E,, . . . , E, are all edges of H that 
contain x, and by Hz the h-hypergraph with vertex set {xi, . . . , x,-,} and edge 
set composed from all edges of H that do not include x,. It follows that the 
properties of H to be p-connected, p-acyclic, (G) and (H) are p-hereditary, i.e., 
they hold for both HI and & relatively to the order x, <. . . <x,_, induced on 
X\{x,}. So that equivalences (A)e(B), (A)e(C), (A)e(F), (A)@(G) and 
(A) e (H) follow easily by induction on n and h. 
By Proposition 1 one deduces that (A)+(D) and (A)+(E). It remains to 
show that (D) 3 (A) and (E)+(A). Th’ is will be proved by induction on n and h. 
Let H be an h-hypergraph of order n, n 2 h + 1, with vertex set X = 
lx,, f. . , x,} and CL: x1 <. * * <x,. Suppose that H is p-connected and has (i z :) 
edges. Denote Hz-i = Hz the subhypergraph obtained from H by deleting x, and 
all edges containing it and by Ha the subhypergraph deduced from Hi+’ by 
suppressmg xi+1 and all edges which contain this vertex for h <i <n - 2. Let 
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B c (x,, . . . , x,-1}, where (B(=h-3 andx,=min,B, 3~s=~n-hi3. Since 
H is p-connected, it follows that for every choice of B having these properties, if 
we delete A = B U {xn} from those edges of H containing A and other two 
vertices less than x, one obtains a connected graph with vertex set {x,, . . . , x,_~}. 
Hence this graph has at least s - 2 edges. Since for a fixed s B can be chosen in 
(” hS: ‘) ways, it follows that: 
We shall prove that the sum in (3) equals (t 12). For this consider the set of 
strictly increasing words clcz * . * c~-~ where Ci E { 1, . . . , n - 2) for 1 c i c 
h-2andc,<cZ<. . * < ch-2, whose number is (z 1;). One obtains c~-~ E {h - 3, 
h-2,..., n - 3) and denoting by A, the set of these words such that c,,_~ = 4 
it follows that 
)4Qy3Aq j = k3 I41 = (;I;). 
q=h-3 
But iA,1 = (ii-:)(“-?-*), h ence indeed dH(x,) 2 (z I z). Because the property of 
p-connectedness is p-hereditary it follows that d&xi) 2 (x1;) for every i = 
II-l,..., h, which implies that: 
Since IE(H)I = (z 1:) we obtain that d”(x,) = (z 1:) and H2 has (i 1:) - (i T $) = 
(z 7:) edges. For n = h 2 3 if (D) holds it follows that H has a single edge 
{x,7 . . . 2 xh}, hence H is a ,u-ordered h-hypertree. Let h = 3. Suppose that 
(D) + (A) holds for all 3-hypergraphs of order m, where 3 < m s n - 1 and let H 
be a 3-hypergraph of order rz, rz * 4, with vertex set X = {x1, . . . , x,} and 
p:x,<“.<x,. Suppose that H is p-connected and has (“; ‘) edges. Since 
dH(x,) = rr - 2 and H is p-connected, by choosing A = {x,} in the definition of 
p-connectedness it follows that HI is a connected graph which has n - 1 vertices 
and n - 2 edges, hence H, is a tree with vertex set X\ {x,}. Because Hz has (” ; “) 
edges and is p-connected relatively to the induced order it follows that H2 is an 
ordered h-hypertree relatively to the induced order, hence by definition H is a 
p-ordered h-hypertree. 
Let now h > 4 and suppose that (D) 3 (A) holds for every r-hypergraph H of 
order n for all 3 c r 6 h - 1 and n Z= r. We have seen that (D) j (A) holds for 
rz = h and let n 3 h + 1. Suppose that this property is true for all h-hypergraphs of 
order m, where h s m G II - 1 and let H be an h-hypergraph of order n with 
vertex set X= {x1,. . . , x,} which is p-connected and has (i 1:) edges. It follows 
that both HI and H2 are p-connected relatively to the order induced on vertex set 
X\ {x,}. Also HI has C&(X,) = (i I$) edges and Hz has (Z 1:) edges and by the 
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induction hypothesis H, and & are p-ordered (h - 1)-hypertree and h-hypertree, 
respectively, hence H is a p-ordered h-hypertree. 
One can prove that (E)+(A) . m a similar way by reversing all inequalities 
because if H is p-acyclic then for every choice of B by deleting A = B U {x,} from 
those edges of H containing A and other two vertices less than x, one obtains an 
acyclic graph with vertex set {xi, . . . , x,_,}. It follows that this graph contains at 
most s - 2 edges. Hence if H is p-acyclic and has (i 1:) edges then d&x,) = 
(:I:) and HZ has (;I:) d e ges. Also in the induction step for h = 3 by choosing 
A = {x,} in the definition of p-acyclicity one obtains that H1 is an acyclic graph 
which has IZ - 1 vertices and 12 - 2 edges, hence H1 is also a tree with vertex set 
X\{xn}, and so on. 0 
It follows from Theorem 1 that for a p-ordered h-hypertree T with vertex set 
X=(x,,..., x,} the number of p-ordered paths having extremities xi and xj, 
where i <j 6 n - h + 2 is equal to (:Ii). But this property of h-hypergraphs of 
order IZ is a characterization of p-ordered h-hypertrees only for h = 2 and h = 3, 
as can be seen easily. 
Corollary 1. Let T be an h-hypertree. Then no subhypergraph of T is isomorphic 
to K;,,. 
Proof. Since T is an h-hypertree it follows that there exists a total order y on 
V(T) such that T is a p-ordered h-hypertree. Suppose that T contains an 
h-subhypergraph U with h + 1 vertices which is isomorphic to Ki,,. Denote by A 
the greatest h - 2 elements of V(U) relatively to ~1. Without loss of generality we 
can suppose that V(U)\A = { x1, x2, x3}, Since U is a complete hypergraph it 
follows that A U {x1, x2}, A U {x1, x3}, A U {x,, x3} are edges of ZJ and these 
edges induce a p-ordered cycle of H, which contradicts the property that H is 
p-acyclic. 0 
Corollary 2. Let T be an h-hypertree with vertex set X. Then for any Y E (,, 5 1) 
there exists u E E(T) such that Y c u. 
Proof. There exists an order ,M such that T is a p-ordered h-hypertree and 
suppose that ~:x,<x~<.-.<x,. Let xj = min, Y. It follows that j c n - h + 2 
and one may suppose that j 2 2. Since (Y( = h - 1 it follows that there exists 
xi $ Y and 1~ i =S h. If i 3 2 and x1 E Y one can interchange vertices x1 and xi and 
one obtains another total order p,: xi <x2 <. * . <x,_~ <xl -=cx~+~ <. . . <x, such 
that T is a pi-ordered h-hypertree. Since H is p-connected it follows that there is 
a y-ordered path relative to A = Y\ {xi} with extremities x1 and xi. It follows that 
there is an edge u E E(T) such that u comprises A, xj and another vertex of T, 
henceuxAU{x,}=Y. 0 
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3. Graphic matroids associated with ordered h-hypertrees 
Theorem 2. Let h > 2 and T,, G be two p-ordered h-hypertrees having V(T,) = 
V( T,) = X. Zf e E E( T,) then there exists f E E( T,) such that (E( T,) \ {e}) U {f} is 
the edge set of a p-ordered h-hypertree with vertex set X. 
Proof. For h = 2 this is a property of spanning trees of K, [3]. Now the proof 
follows by induction on h. Suppose that the property holds for any pair of 
p-ordered (h - 1)-h ypertrees having vertex set X and let T,, T2 be p-ordered 
h-hypertrees with vertex set X. If e E E(T,) n E(T,) we can choose f = e. 
Otherwise, because {xi, . . . , xh} E E(T,) n E(T,) it follows that there exists an 
index p 2 h + 1 such that e is obtained as the union of xP with an edge e, of the 
ordered (h - 1)-hypertree Q_,,+i relatively to the order induced by CL, from the 
sequence: 
6, (U,, %+A (US AZ+,)9 . . . 7 (G-h+** &z>. (4) 
WehaveE,={x,,..., xh} and U, is an ordered (h - 1)-hypertree relatively to 
the order induced by ~1 on {xi, . . . , x,,+,_~} for any r = 2, . . . , n - h + 1. T2 is 
defined by another sequence: 
El, (v,, x,,,), (v,, %+2), * . . 9 v?4l+l, &I) (5) 
having properties similar to (4). 
Because U&+, and VP_,+, are ordered (h - 1)-hypertrees with the same 
vertex set, by the induction hypothesis there exists an edge f, E E(V,_,+,) such 
that @(UP-h+i)\ {cl>) U {fd is the edge set of an ordered (h - 1)-hypertree 
w,-,+1 with vertex set V(U,_,+,) = V(V,_,+,). Let f = fi U {x,}. It follows that 
(E(q)\ {e}) u {f} is the edge set of a p-ordered h-hypertree with vertex set X, 
which is defined by (4) where UP_,+, is replaced by Wp_h+l. 0 
The sets of edges of p-ordered h-hypertrees with vertex set X of cardinality it 
have each (i Z :) edges, hence are incomparable relatively to set inclusion. Hence 
the exchange property expressed by Theorem 2 shows that the sets of edges of 
p-ordered h-hypertrees with vertex set X are the bases of a matroid defined on 
(f), which will be denoted by M(pT; n, h). For a graph G let M(G) be the 
matroid of circuits of G. 
Theorem 3. The matroid M(,uT; n, h) is graphic for any h Z= 2. 
Proof. The proof is by induction on h. For h = 2 M(yT; n, 2) is isomorphic to the 
matroid of circuits of K,, which is denoted by M(K,J, whose bases are the sets of 
edges of the spanning trees of K, [3]. For h = 3 it is easy to show that 
M(pT; n, 3) is isomorphic to the matroid M(G), where G is a connected graph 
whose blocks are complete graphs K2, K,, . . . , K,,_,. 
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Let h > 4 and suppose that the property holds for all matroids M(pT; n, h - 1). 
The bases of M(pT; II, h) are edge sets of p-ordered h-hypertrees with vertex set 
X, defined by (2) where r runs over the set of ordered (h - 1)-hypertrees 
relatively to the order induced on vertex set {n,, . . . , x,,+~_~} for i = 2, . . . , n - 
h + 1. Vertex Xh+i-l is joined to every edge of each ordered (h - 1)-hypertree z 
to obtain the edge sets of p-ordered h-hypertrees. By the induction hypothesis 
the matroid M(pZ’; h + i - 2, h - 1) whose bases are the sets of edges of ordered 
(h - 1)-hypertrees with vertex set {xi, . . . , _x~+~-~} is graphic. Hence there exists 
a graph Gi such that M(pT; h + i - 2, h - 1) is isomorphic to M(G,) for 
i=2,..., n-h + 1. For i= 1 one can consider G, = KZ. It follows that 
M&T; n, h) is graphic since it is isomorphic to the matroid M(G), where G 
consists of graphs G, , G2, . . . , G,, _,, + , which have exactly one common vertex. 0 
It is clear that such a graph G is not uniquely determined. In this case from the 
recursive definition of G it follows that each spanning tree of G has precisely 
(; 5 :) edges. 
For n = 7 and h = 4 a graph G such that M(,nT; 7, 4) is isomorphic to M(G) is 
represented in Fig. 1. 
4. Every h-hypertree can be recognized in polynomial time 
Let X = {x,, . . . , x,} and E c (t), JEJ = (111). The problem of recognition of 
an h-hypertree T with edge set E is the problem of deciding whether there exists 
an h-hypertree T = (X, E). Corollaries 1 and 2 represent necessary conditions for 
E to be the edge set of an h-hypertree. The following property allows us to 
recognize h-hypertrees in polynomial time. 
Proposition 2. Let E c (z), 1 El = (t Z t ). Then E is the edge set of an h-hypertree 
T = (X, E) if and only if there exists a vertex x such that if E,, . . . , E, denote all 
members of E containing x then E, \ {x}, . . . , E, \ {x} induce an (h - 1)-hypertree 
with vertex set X \ {x} and for each vertex x having this property the members of E 
that do not contain x induce an h-hypertree with vertex set X\ {x}. 
Fig. 1. 
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Proof. The sufficiency follows from the definition. Let now T = (X, E) be an 
h-hypertree and x be a vertex such that if E,, . . . , Eq are all edges containing it 
then E,\(x), . . . , E, \{x} induce an (h - 1)-hypertree with vertex set X\ {x} 
(there exist such vertices because x may be a terminal vertex of T). It follows that 
d&z) = (z 1 z) and by Proposition 1 one obtains that x is a terminal vertex of T. 
Hence all edges of T that do not contain x induce an h-hypertree with vertex set 
X\{x}. cl 
Theorem 4. Every h-hypertree T with n vertices can be recognized with time 
complexity 0(n4h-6). 
Proof. Let X = {x,, . . . , x,}, E c (f), denote by E, the set of members of E 
which contain x and consider the following recursive algorithm based upon 
Proposition 2 to decide whether E is the edge set of an h-hypertree. 
1 If [El # (i 7 :) then the answer is no. 
2 If n = h then the answer is yes. 
3 i+l. 
4 Verify by the same algorithm if {F\{x;} 1 F E E,,} is the edge set of an 
(h - 1)-hypertree with vertex set X\ {xi}. If the answer is yes go to 6. 
5 If i = n then the answer is no; else i +-i + 1 and go to 4. 
6 Verify by the same algorithm if E \ E,, is the edge set of an h-hypertree with 
vertex set X\ {xi}. The answer obtained in this way is the output of our 
algorithm. 
For h 2 2 denote by &(n) the maximum time complexity of this algorithm 
where the maximum is over all E c (t). It is clear that 
h@) <nh-l(n - l) +fh(n - l) 
and f2(n) < Cn2, where C is a positive constant. 
By induction on n and h one deduces that fh(n) < Cn4h-h. Indeed, 
fh(h) < Ch4h-6 
and 
fh(n) < Cn(n - 1)4h-“’ + C(n - 1)4h-6 = C(n - 1)4h-1”(n + (n - 
< Cn4h-6, 
hence fh(n) = 0(n4h-6). III 
114) 
However the problem of deciding whether there exists a spanning h-hypertree 
of the complete h-hypergraph Kj: having the cost less than k is an NP-complete 
problem even for h = 3 [2]. 
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